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We are on Telegram. Contactus for any help.

Link in the Description!!

Join GO Classes Doubt Discussion Telegram Group :
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We are on Telegram. Contactus for any help.

Join GO Classes Telegram Channel, Username: @ GOCLASSES_CSE

Join GO Classes Doubt Discussion Telegram Group :

Username: @ GATECSE_Goclasses
(Any doubt related to Goclasses Courses can also be asked here.)
Join GATEOverflow Doubt Discussion Telegram Group :

Username: @GateOverflow CSE

G www.goclasses.in



Functions
Complete Summary

@www.goclasses.i n



Discrete Mathematics GO Classes

Functions

Objectives:

Determine whether a relationship is a function or not

2

Determine the domain, co-domain, range of a function, and the
inverse image of x

-

Prove or disprove whether a function is one-to-one or not

e

Determine whether a function is onto or not
Determine the inverse of a one-to-one correspondence

Determine the composition of two functions

N & -

Show that if two functions are one-to-one (onto) so too is their
composition



+ "+ Discrete Mathematics GO Classes

Function Detfinition
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Function f: A 2 B

Function from Set A to Set B
is a structure which maps EVERY
element of A (individually) to EXACTLY
ONE element of B.

OWWW.QGCIESSESJ n
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Which of the following diagrams represent a function? Let X =
{1,2,3,4tand Y ={a,b,c,d}.

f:X—>Y g: X —>Y h: X —>Y
X:1 2 3 4 x1 2 3 4 X1 2 3 4




[cX™ - - - Discrete Mathematics GO Classes

Which of the following diagrams represent a function? Let X =
{1,2,3,4tand Y ={a,b,c,d}.

f:X—>Y , g: X—>Y h:X—>Y
X:1 2 3 4 x1 2 3 4 | X1 2 3 4




Functions

« A function fis a mapping such that every element
of A is associated with a single element of B.

o If fis a function from A to B, then
« we call A the domain of f.
« we call B the codomain of f.

« We denote that fis a function from A to B by
writing
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Is This a Function from A to B?




G&s [s This a Function from A to B?

Each object in the domain
has to be associafed with
— | exactly one object in the
codomain




Is this a function from A to B?
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Is This a Function from A to B?

California - Dover
New York Sacramento
Delaware Albany

Each object in the domain

Washington has fo be associated with
DC exactly one object in the
codomain:
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Function Terminology
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Remark: Functions are sometimes also called mappings or transformations.
— _——

A function is an object f that takes in
exactly one input x and produces exactly
one output f(x).

€ Domain € G)—-Dm/,,q;h

Y B - f(x/)

-
> K




Definitions

Let A and B be sets.

e A function f from A to B is an assigment of exactly one element
of B to each element of A. Note: exactly one element of B. We
can write this as f(a) = b if b is the unique element of B assigned
by the function f to the element a of A. We write f : A — B.

GGiven an input element a in A, there is a unique output
element b in B that is related to a by f.

e A is the domain of f and B is the co-domain of f.

e If f(a) = b, we say that b is the image of @ and a is a pre-image,
or inverse image, of b.

e The range of f is the set of all images of elements of A.

We say that a function “maps” one set to another.
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Function Requirements
There are rules for functions to be well defined. or correct.

e No element of the domain must be left unmapped.

e No element of the domain may map to more than one element of
the co-domain.

It is allowable, however, for elements of the co-domain to be unmapped

or to have multiple elements from the domain map to single elements
in the co-domain.

So basically what we are saying is that every element in the domain
has to be mapped to an output, and there can be only one output for
every input. No input can have to possible outputs.

ewww.goclasses.in
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1. f:Z — Z defined by f(n) = 3n. The domain and codomain

are both the set of integers. However, the range is only the set
of integer multiples of 3.

Jﬁ 'p‘“%dﬁaw
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2. ¢:1{1,2,3} — {a,b,c} defined by ¢(1) = ¢, g(2) = a and
2(3) = a. The domain is the set {1, 2,3}, the codomain is the
set {a, b, c} and the range is the set {a, c}. Note that ¢(2) and
2(3) are the same element of the codomain. This is okay since
each element in the domain still has only one output.
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Let f:Z — Z assign the square of an integer to this integer. Then, f(x) = x“, where the domain
of f is the set of all integers, the codomain of f is the set of all integers, and the range of f is
the set of all integers that are perfect squares, namely, {0, 1,4,9,...}].

N  —

www.goclasses.in
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1. f : N — N defined by f(n) = 5. The reason this is not a
function is because not every input has an output. Where

does f send 3? The rule says that f(3) = %, but % is not an
element of the codomain.
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2. Determine whether f 1s a function from Z to R 1f

a) f(n) = =xn. / )

b) f(n) = vn*+ 1. I;”L“)’e@; /3@?//
) f(n)=1/(n*—4).




Discrete Mathematics GO Classes

2. Determine whether f 1s a function from Z to R 1f

X a) f(n)= =xn. D= T2 /
—b) f(n) =+/n*+1.

Xe¢) f(n) =1/n*—4).
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Function Equality
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Function Equality:
When can we say that Two functions are

SAME ?
4:{1}1, — 1N/ y %x}:mz_ S‘QmQ
J 2] —= 2 J OO = 3 oY
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Function Equality:

When can we say that Two functions are
SAME ?
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When we define a function we specify its domain, its codomain, and the mapping of elements
of the domain to elements in the codomain. Two functions are equal when they have the same
domain, have the same codomain, and map each element of their common domain to the same
element in their common codomain. Note that if we change either the domain or the codomain

.
b = f(a)

f

FIGURE 2 The Function f Maps A to B.

of a function, then we obtain a different function. If we change the mapping of elements, then
we also obtain a different function.

P
S @wweedassesn
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Function Representations
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This shows that the function f sends 1to2,2to 1 and 3 to 3: just follow
the arrows.
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’TC(E’):B/} -@C.’):‘g;, ‘p(.q_,):.—"z,j -ﬁ(g)-‘\‘l

DOMGiv 5 o \0 1 2 3 4

—=f(x)[3 3 2 4 1

We simplify this further by writing this as a “matrix” with each input
directly over its output:

fz(o 1 2)3 4)_

3)3)2 4 1
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Another
Function Representation:

Piecewise Function

@www.goclasses.i n
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Piecewise Functions

« Functions may be specified piecewise,
with different rules applying to different
elements.

« Example:

. _‘r —nl2  if niseven
fin) L(n+l)/2 otherwise
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3x+1, forx<7
Db 22 _/'(.r) = T gttt [0}y 7HaS 5 01 [
3 10 L 71—3x, forx>12
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G s 5. Given the following piecewise function, find _f’(—?). GO Classs
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3x+1, forx<7
Db 22 _/'(.r) = T gttt [0}y 7HaS 5 01 [
3 10 . 71—3x, forx>12

\
\('_20 ”ﬁC'_T) % g(—’1>+] 2D



G Classes [ \ﬂ') GO Classes

Evaluate the piecewise function

f(x) =

{2x+3 Ifx<0

dxi+ 7 lifixi= 0
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Evaluate the piecewise function

{2x+3 If x<0

" f(x)=

AR R 0)
@i-=2 (“Y+3 -5
D= Y (Yt o

(c) f(4
T (tf)+7 23

—

B
B @f-9-]= -5
i
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Image of “a Subset ot
Domain”
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e The function from {0, 1,2, 3,4} to {a,b, c} given by the following table:

U a Domayy, Co D omai»
C

Rawe (£)© 35 a.b, Y = (o-Doman
: ange (£) 3 ab, <Y oM

b Imquo_,f— Y =}

Image Cy) = ), Z, Y
~mage C{%‘f/)-‘-‘\* - \i’\]} j,

Sulses - DYV

ewww.gaclasses.i n
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Let f be a function from A to B and let S be a subset of A. The image of S under the function

f 1s the subset of B that consists of the images of the elements of §. We denote the image of
S by f(S),so

F(S)=1{t|3seS (t = f(5)))

We also use the shorthand { f(s) | s € S} to denote this set.

Remark: The notation f(S) for the image of the set § under the function f is potentially
ambiguous. Here, f(S) denotes a set, and not the value of the function f for the set §.

LetA ={a,b,c,d,e}and B = {1,2,3,4}with f(a) =2, f(b) =1, f(c) =4, f(d) = 1,and
f(e) = 1. The image of the subset § = {b, ¢, d} i1s the set f(S) = {1, 4}. <
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Types of Functions:

Injective, Surjective &
Bijective Function

@www.goclasses.i n
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Injective Function

One-to-One function / Injective / Injection

@www.goclasses.i n
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Injectwe Function:

Difterent elements of domain
have different images.
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Injective Function:

Different elements of domain have different images.
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3.5.9.2 Injections

If f: A — B maps distinct elements of A to distinct elements of B (i.e.,
if x # y implies f(z) # f(y)), it is called one-to-one, injective, or an
injection. By contraposition, an equivalent definition is that f(x) = f(y)
implies * = y for all z and y in the domain. For example, the function
f(z) = 2* from N to N is injective. The function f(z) = x* from Z to Z is
not injective (for example, f(—1) = f(1) = 1). The function f(x) = x + 1
from N to N is injective.
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One-to-One Functions
Let F' be a function from a set X to aset Y. F'is one-to-one if, and
only if, for all elements x; and x5 in X,

if F'(z1) = F(x3), then 1 = x

or

Ve, 29 € X, if F(21) = F(x2) then x; = 5.

The function.

f=1(1,b),(2,a),(3,c)
from X = {1,2,3} to Y = {a,b,c,d} is one-to-one. {from Johnson-
baugh, p. 119}
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Consider the function f : R — R where f(x) = 32 + 7 for all z € R.
Then for all 21,29 € R. we find that

f(x1) = f(x2) = 3z2+ 7 =322+ 7 = 321 = 322 = =1 = T2,
so the given function is one-to-one.

On the other hand, suppose that g : R — R is the function defined by
g(z) = z* — z for each real number z. Then

g(0)=(0)*-0=0and (1)*-1=1-1=0.

Consequently, g is not one-to-one since g(0) = g(1) but 0 # 1. { from
Grimaldi, p 255}
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Injective Function Definition
from Co-domain perspective:

Which of the following is another definition of
Injective Function?

A. Each element of the codomain has at least one
pre-image in the domain.

B. Each element of the codomain has at most one
pre-image in the domain.

C. Each element of the codomain has exactly one
pre-image in the domain.

www.goclasses.in
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Injective Function Definition
from Co-domain perspective:

Which of the following is another definition of
Injective Function?
A. Each element of the codomain has at least one
re-image in the domain.
\B/]:E))ach element of the codomain has(at most one )
pre-image in the domain. \ —

C. Each element of the codomain has exactly one
pre-image in the domain.

www.goclasses.in




Injective Functions

« A function f: A — B is called injective (or
one-to-one) if each element of the codomain
has at most one element of the domain
associated with it.

« A function with this property is called an
injection.

 Formally:
If f(x,)) = f(x,), then x, = x,
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Surjective Function

Onto function / Surjective / Surjection

@www.goclasses.i n
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Surjective Function:

Every element of Co-domain is covered.

Range = Co-domain

@www.goclasses.i n
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Surjective Function:

Every element of codomain has at least one pre-image.

4: A—3 L onto 1 £2
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Surjective Function:

Every element of codomain has at least one pre-image.

fgi A%@ s On-+to I‘P;E-
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Surjective Functions

« A function f: A — B is called surjective (or
onto) if each element of the codomain has at

least one element of the domain associated
with it.

« A function with this property is called a
surjection.
 Formally:

For any b € B, there exists at
least one a € A such that f(a) = b.

« An intuition: surjective functions cover every
element of B with at least one element of A.
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. . . _ o BN - ~ - .
[s the function f(x) = x“ from the set of integers to the set of integers onto?

- . S . . . g - .
rion: The function f is not onto because there is no integer x with x= = —1, for instance. <

[s the function f(x) = x + 1 from the set of integers to the set of integers onto?
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3.5.5.1 Surjections

A function f : A — B that covers every element of B is called onto,
surjective, or a surjection. This means that for any y in B, there exists
some x in A such that y = f(x). An equivalent way to show that a function is
surjective is to show that its range {f(z) | x € A} is equal to its codomain.

For example, the function f(z) = z? from N to N is not surjective,
because its range includes only perfect squares. The function f(z) =z + 1
from N to N is not surjective because its range doesn’t include 0. However,
the function f(z) = x + 1 from Z to Z is surjective, because for every y in Z

there is some x in Z such that y = x + 1.
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Bijective Function

Bijection / One-to-One Correspondence

ewww.goclasse&i n
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Bljectwe Function:

\/"

Bijective = “Injective & Surjective”
N~
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Injective Function:

Every element of codomain has At Most one pre-image.

Surjective Function:

Every element of codomain has At Least one pre-image.

Bijective Function:

ewww.goclasse&i n
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Injective Function:

Every element of codomain has At Most one pre-image.

Surjective Function:

Every element of codomain has At Least one pre-image.

Bijective Function:

Every element of codomain has Exactly one pre-image.
ewww.goclasse&i n
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Injections and Surjections

» An injective function associates at most
one element of the domain with each
element of the codomain.

* A surjective function associates at least
one element of the domain with each
element of the codomain.

« What about functions that associate
exactly one element of the domain with
each element of the codomain?




Bijections

« A function that associates each element
of the codomain with a unique element of
the domain is called bijective.

 Such a function is a bijection.

« Formally, a bijection is a function that is
both injective and surjective.

« A bijection is a one-to-one
correspondence between two sets.




G

Injections and Surjections

* A function f: A = B is an injection iff

for any ao, a1 € A:
if f(ao) = f(a1), then ao = aa.

« At most one element of the domain maps to
each element of the codomain.

« A function f: A = B is a surjection iff

for any b € B, there existsana € A
where f(a) = b.

« At least one element of the domain maps to
each element of the codomain.
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(a) One-to-one, (b) Onto, (¢) One-to-one, (d) Neither one-to-one (e)
not onto not on¢-to-one
e —— ——

Not a function
e —

and onto

nor onto

—_—
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FIGURE 5

Examples of Different Types of Correspondences.
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Functions & Cardinalities
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Injective Functions & Cardinalities:
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Injective Functions & Cardinalities:

Ok

I[f |[Domain| > |Co-Domain |

Can we create some Injective function??

ewww.goclasse&i n
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Injective Functions & Cardinalities:

Ok

I[f |[Domain| > |Co-Domain |
S~ Tl S~—————

Can we create some Injective function??

—
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Injective Functions & Cardinalities:

Ok

[f |[Domain| <= |Co-Domain |

Can we create some Injective function??

ewww.goclasse&i n
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Injective Functions & Cardinalities:

Ok

[f |[Domain| <= |Co-Domain |

Can we create some Injective function??

.

ewww.goclasse&i n
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Injective Functions & Cardinalities:

Theorem:

Injective Functlon EXISTS

| Domain | <= \Co Domain |

ewww.goclasse&i n
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Let S, T be ANY two sets (finite or infinite)

P

[S] <= |T
iff

There Exists a Injection from S to T.
—_—
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Q:
f is a function from Set X to Set Y, which is
NOT Injective. Then ??

A. | X] > |Y]|
B. | X| <= |Y|
C. Can’t say anything

@www.goclasses.i n
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Q:
f is a function from Set X to Set Y, which is
NOT Injective. Then ??

X A. |X] > |Y]
X B. |X]| <= |Y|
C. Can’t say anything v

ewww.goclasse&i n
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Injective Functions & Cardinalities:

Theorem:

Injective Function
i1t

| Domain | <= |Co-Domain |

ewww.goclasse&i n



XY™ -« - - Discrete Mathematics GO Classes

Q:
f is a function from Set X to Set Y, which is
Injective. Then ??

A. | X] > |Y]|
B. | X| <= |Y|
C. Can’t say anything
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. Q:
f is a function from Set X to Set Y, which is

Injective. Then ??

XA X > Y]
" B X <= Y|~
C. Can’t say anything

ewww.goclasse&i n
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Q:
There 1s NO Injective function from Set X to
Set Y. Then ??

A. | X] > |Y]|
B. | X| <= |Y|
C. Can’t say anything

@www.goclasses.i n
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« Q:

There 1s NO Injective function from Set X to
Set Y. Then ??

B P> | o<
B. | X| <= |Y|
C. Can’t say anything

ewww.goclasse&i n
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Surjective Functions &
Cardinalities:
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Surjective Functions & Cardinalities:

Q:

If [Domain| < | Co-Domain |

Can we create some Surjective function??

ewww.goclasse&i n
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Surjective Functions & Cardinalities:

Q:

If [Domain| < | Co-Domain |

Can we create some Surjective function??

N
No.
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Surjective Functions & Cardinalities:

Q:

[f |[Domain| >= |Co-Domain |

Can we create some Surjective function??

ewww.goclasse&i n
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Surjective Functions & Cardinalities:

Q:

[f |[Domain| >= |Co-Domain |

Can we create some Surjective function??

NG

ewww.goclasse&i n



cF™] - ° Discrete Mathematics GO Classes




« "+ Discrete Mathematics GO
Surjective Functions & Cardinalities:

Theorem:

Surjective Function
1ff
| Domain| >= |Co-Domain |
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\/
Let S, T be ANY two sets (finite or infinite)

[S| >= |T|
iff

There Exists a Surjection from S to T.

ewww.goclasse&i n
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Q:
f is a function from Set X to Set Y, which is
NOT Surjective. Then ??

A. | X] < |Y]|
B. | X| >= |Y]|
C. Can’t say anything
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Q:
f is a function from Set X to Set Y, which is
NOT Surjective. Then ??

X A, | X] < |Y]
X B. |X]| >=|Y|
C. Can’t say anything e

ewww.goclasse&i n
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Let S, T be ANY two sets (finite or infinite)
S| >= [T]
iff

There Exists a Surjection from S to T.
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Q:
f is a function from Set X to Set Y, which is
Surjective. Then ??

A. | X] < |Y]|
B. |X]| >=|Y]
C. Can’t say anything

@www.goclasses.i n
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Q:
f is a function from Set X to Set Y, which is
Surjective. Then ??

A. | X] < |Y]|
—B. |X| >=|Y|+
C. Can’t say anything
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Q:
There 1s NO Surjective function from Set X
to Set Y. Then ??

A. | X] < |Y]|
B. | X| >= |Y]|
C. Can’t say anything
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Q:
There 1s NO Surjective function from Set X
to Set Y. Then ??

A [X] < Y]V
B. | X| >= |Y]|
C. Can’t say anything

ewww.goclasse&i n
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Bijective Functions & Cardinalities:
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Bijective Functions & Cardinalities:

Ok

If |[Domain| > |Co-Domain |

Can we create some Bijective function??

ewww.goclasse&i n
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Bijective Functions & Cardinalities:

Ok
If |[Domain| > |Co-Domain |
o ‘L’b-)edﬂve/‘gsuofa-’v(
Can we create some Biject ve function??

NG . Ih)eg;v{ fonction NoT Passi¥le -

ewww.goclasse&i n



cF™] - - Discrete Mathematics GO Classes

Bijective Functions & Cardinalities:

Ok

If |[Domain| < |Co-Domain |

Can we create some Bijective function??

ewww.goclasse&i n
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Bijective Functions & Cardinalities:

Ok

If |[Domain| < |Co-Domain |

L f-—-l/% ontz
Can we create some Bijective function??

No. b<ecause No SU)J et '_10"’”)@’-/(/\0
@ socossr FMF W) < -
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Bijective Functions & Cardinalities:

Q.

If |[Domain| = |Co-Domain |

Can we create some Bijective function??

VrEs.
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Bijective Functions & Cardinalities:

Bijection = Injection {Surjection
O~
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Bijective Functions & Cardinalities:

Theorem:

Bijective Function EXISTS
iff

| Domain| = | Co-Domain |
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Let S, T be ANY two sets (finite or infinite)

S| = |T|
iff

There Exists a Bijection from S to T.

e ’#_‘-
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Q:
f is a function from Set X to Set Y, which is
NOT Bijective. Then ??

A. [ X] = |Y]
B. | X| = |Y|
C. Can’t say anything

@www.goclasses.i n
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Q:
fis a function from Set X to Set Y, which is
NOT Bijective. Then ??

A |X] =|Y]|
B. | X| = Y|
" C. Can’t say anything v
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Bijective Functions & Cardinalities:

Theorem:

Bijective Function
iff
| Domain| = | Co-Domain |

ewww.goclasse&i n
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Q:
f is a function from Set X to Set Y, which is
Bijective. Then ??

A. [ X] = |Y]
B. | X| = |Y|
C. Can’t say anything

@www.goclasses.i n
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Q:
f is a function from Set X to Set Y, which is
Bijective. Then ??

P X} = | ¥
B. |X]| != |Y]|
C. Can’t say anything

ewww.goclasse&i n
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Q:
There 1s NO Bijective function from Set X to
Set Y. Then ??

A. [ X] = |Y]
B. | X| = |Y|
C. Can’t say anything

@www.goclasses.i n
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Q:
There 1s NO Bijective function from Set X to
Set Y. Then ??

A |X] = |Y]
B. |X|!= Y|+

C. Can’t say anything

ewww.goclasse&i n
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Q: True / False ?
Given: |Domain| = |Co-domain |

Then Every function is Bijective.
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Q: True / False ?
Given: |Domain| = |Co-domain |

Then Every function is Bijective.

No.
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Q: True / False ?
Given: |Domain| = |Co-domain |

Then Some function is Bijective.
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Q: Tr\é / False ?
Given: |Domain| = |Co-domain |

Then Some function is Bijective.
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Q: True / False ?
Given: |Domain| <= |Co-domain |

Then Every function is Injective.
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Q: True /\F/alse ?
Given: |Domain| <= |Co-domain |

Then Every function is Injective.
(\/0,
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Q: True / False ?
Given: |Domain| <= |Co-domain |

Then Some function is Injective.
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T False ?
Q\/rue/ alse

Given: |Domain| <= |Co-domain |

Then Some function is Injective.

\:
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Q: True / False ?
Given: |Domain| >= |Co-domain |

Then Every function is Surjective.
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: True / False ?
Q: True / Fals
Given: |Domain| >= |Co-domain |

Then Every function is Surjective.

No
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Q: True / False ?
Given: |Domain| >= |Co-domain |

Then Some function is Surjective.
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Q: True / False ?
"

Given: |Domain| >= |Co-domain |

Then Some function is Surjective.
Ves.
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Intuitive Results about Cardinality of Sets:

v"1. If |B| < |A| and |C| < |B| then then |C| < A}

v 2. If|A| = |B| and |B| = |C| then |A| = |C|.
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Conclusion & Important Results:

Definition: Two sets A and B have the same cardinality (|A| =
|B|) if and only if there is a bijection from A to B.

Definition: |A| < |B| if and only if there is a one-to-one function

from A to B.

1. If |B| < |A| and |C| < |B| then then |C| < |A].

2. If |A| = |B| and |B| = |C| then |A| = |C|.
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Cardinality

« Recall (from lecture one!) that the cardinality of a
set is the number of elements it contains.

« Denoted |[S].

« For finite sets, cardinalities are natural numbers:
- {1, 2,3} =3
. {100, 200, 300}| = 3




G

Comparing Cardinalities

« The relationships between set cardinalities are
defined in terms of functions between those
sets.

« |S| = |T| is defined using bijections.
|S| = |T| iff there is a bijection f: S->T




o ¢ Comparing Cardinalities GO Classes

 We define |S| = |T| as follows:
|S| = |T| iff there is an injection f: S-> T

[f a function is one-to-one, then | A |<| B |.




+ "+ Discrete Mathematics GO Classes

Counting Functions
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Counting
the total number of Functions
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How many functions are there
from {a, b, c} to {a, b, c, d, €}?
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How many functions are there
from {a, b, c} to {a, b, c, d, €}?

>
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i
How many functions are there

from {a, b, c} to {a, b, c, d, €}?
s WS
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How many functions are there
from {a, b, c, d, e} to {a, b, c}?
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How many functions are there
from {a, b, c, d, e} to {a, b, c}?
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F=fo
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Counting the number of Functions:

Let M and N be finite sets with cardinalities
IM| =m and |[N| =n.

Numbey o Lowctons M —>N -

I Don, q;n]

m
2

—
L=

/Co»-Domqin /

—
A
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Counting Injective Functions
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How many Injective functions are there
from {a, b, c, d, e} to {a, b, c}?
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How many Injective functions are there
from{a b, c, d, e} to {a, b, c}'F’
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How many Injective functions are there
from {a, b, c} to {a, b, c, d, €}?
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How many Injective functions are there

frg)cm {a, b, c} to {a, b, c, d, e}?
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Counting Injective Functions:

Let M and N be finite sets with cardinalities
IM| =m and |[N| =n.

Numbes o ja,)ec,gvf Fonctons ™M —s N
Orf (1 >IN Ao o
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Counting Bijjective Functions
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How many Bijective functions are there
from {a, b, c, d, e} to {a, b, c}?
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How many Bijective functions are there
from {a, b, c, d, e} to {a, b, ¢}? .

Biy<chive -ﬁwc,hm- » I
(o] [
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How many Bijective functions are there
from {a, b, c} to {a, b, c, d, €}? .
_—
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How many Bijective functions are there
from {a, b, c, d} to {a, b, c, d}?
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How many Bijective functions are there
from {a, b, c, d} to {a, b, c, d}?

f%i_)eoﬁm > #
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Counting Bijective Functions:

Let M and N be finite sets with cardinalities
IM| =m and |[N| =n.
f{ M =N O : m > 1

Y)Ulmlxmf c)_,_?. Lljfioféong: @, y M < n

M/ ' W = n
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1.11. How many injective functions are there from {1,2,3} to {1,2,3,4,5}7

Solution. Let f be such a function. Then f(1) can take 5 values, f(2)
can then take only 4 values and f(3) - only 3. Hence the total number of
functions is 5 x 4 x 3 = 60.
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Counting Surjective Functions:

We study in the Combinatorics
Module.
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The number of functions from an m element set to an n element set i1s

m —mn

A.
B. m"
( e T

n
D. m=n
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The number of functions from an m element set to an n element set i1s
R ————— R — e ——

m +n l DOW7 G 4 o) }

A.
B. m"
C.

A ) CO- DOV gy

D. m=n
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How many one-to-one functions are there from a set A with n elements onto itself?

gate1987 set-theory&algebra Ffunctions descriptive
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How many one-to-one functions are there from a set A with n elements onto itself?
—— g e —

gate1987 set-theory&algebra Ffunctions descriptive
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Let f(n)=2forn<2and f(n)=f(n—1)+ f(n—2)+ 1. Compute

the values of f(n) for n < 6.
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—2)+ 1. Compute

”’CC’):Q’ ’ﬁ(h).: ’r-(h—-Q*’p(hﬂ,)"']

’16\(3):7:_ f(z_) “}‘-‘C(;)"}‘} - 224 =S
qp(u): ’K('_l,)-i"[&‘ll) - = FH2+1 =9
f)=qisri=1y ;, @)= Nsp+i=23
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Let f(n) =1forn <2and f(n) =2f(n—1)— 1. Compute the values

of f(n) for n <5.
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Let f (n) =1 for n <2 and f(n) =2f(n—1)— 1. Compute the values
of f(n) for n <5.
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Functions Composition
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Jif = J(Fe)

(omposikion speratiog
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i“’jm@ = 7[ ( ?"’Q)X,
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Function Composition

e letf:A-Bandg:B - C.

« The composition of f and g (denoted
g ° f) is the function g - f: A —» C defined as

(g - N(x) = g(f(x))

 Note that fis applied first, but fis on the
right side!

 Function composition is associative:
ho(gof):(hog)of
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4 (5. u) §_4030k
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foo=2% 5 Juo = >x+]
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Function Composition

« Supposef:A—-Aandg:A - A.
 Then both g - fand f - g are defined.
: Doesgof=fog?-—-_.gr\,or

 In general, no: %&; v/
¢ Let f(x) = 2x /
e Letg(x) =x+1
e (g° HX) = g(fix)) = g(2x) = 2x + 1
* (feg)x) =flgx) =fix+1)=2x+ 2
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’Loj )= X+ T
Gol ey = €3 411

T _ ms

_
Let f and g be the functions from the set of integers defined by f(z) = 2z + 3 and g(z) = 3z + 2. Then [
the composition of f and g and g and f is given as

D
:

A. Bx+7, bx+11 B. 6x+11, 6x+7
C. 5x+5, bx+5 D. None of the above

ugcnetcse-dec2013-paper2z  algebra  Function-composition

Comp?z:.&n—{—%m o
[/ (f 7 md qC

%
3
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rFﬂZéZ Sy Tz =

”C(") Zxn 43 ﬁc:«)-—-zx—fz_

’FQJC“) :’ﬁ(j(x)> = WC<?9'1+2~> = l(3>z+'z)

JDF(‘K) = j (’C(x)) = j( sl

= {X+7

) = ( lk+ 2)

= éxﬁ-n
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A Small Misconception/Confusion:

What is Composition of f and g ??
SN— =
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Discrete_Mathematics_and_Its_Applications_(7th_Edition).pdf 168 /1071 — 150% + = ®

2.3 Functions 147

www.goclasses.in

=
7




& 25 web.stanford.edu/class/archive/cs/cs103/cs103.1132/lectures/06/Slides06.pdf
e
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Slides06.pdf 109 /145

Function Composition

eletf:A—-Bandg:B-_C.

« The composition of f and g (denoted
g ° f) is the function g » f : A — C defined as

(g - N(x) = g(f(x))

« Note that fis applied first, but fis on the
right side!

« Function composition is associative:
ho(gnf)z(hng)of
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DumnR —

R E_

Let f and g be the functions from the set of integers defined by f(z) = 2z + 3 and g(xz) = 3z + 2. Then EI 1
the composition of f and g and g and f is given as

KBHT. 6x+1.1 B. 6x+11, 6x+7
C. 5x+5, bx+5 D. None of the above

ugcnetcse-dec2013-paper2z  algebra  FunWtion-composition
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Let f and g be the functions from the set of integers defined by f(z) = 2z + 3 and g(xz) = 3z + 2. Then é}ﬁi
the composition of f and g and g and f is given as

A. Bx+7, Bx+11 % B. 6x+11, 6><+?\/
C. 5x+5, bx+5 D. None of the above

ugcnetcse-dec2013-paper2z  algebra  Function-composition
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A will be ans.

f(g) = 2(3x+2)+3= 6x+7

k%dﬁ,? ﬁ*.ra,,

g(f)= 3(2x+3)+2 = 6x+11

answered Jul 26, 2016 - selected Sep 19, 2016 by Sankaranarayanan P.N
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If we define the functions f, g and h that map R into R by :

f(z) =2z%, g(x) = V22 + 1, h(z) = x* + 72, then the value of the composite functions ho(gof) and

(hog)of are given as

A 28 —Tland 2® — T1

B. 28 — 7T3and z® — 73
C. 28 +T7land 2® + 71

D. 2 + 73 and 2% + 73




'\_ )
~+/  Discrete Mathematics

5 7%«)_ C”’C(u)) j( )

If we define the functions f, g and h that map R into R by :

GO Classes

f(z) =2z%, g(x) = V22 + 1, h(z) = x* + 72, then the value of the composite functions ho(gof) and
(hog)of are given as _
—

A 2 —Tland 2® — 71 B. 2% — 73 and 2® — 73
C.z8+ Tlandz® + 71 D. 2+ 73 and 2® 4 73 ‘\/‘
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Note:
Function f is Invertible iff { is bijective.

Invertible function == Bijective function
. RS i
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Note:

[f function f is a Invertible function,
then in the Reverse Direction the
function we get is called Inverse of 1.
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DEFINITION 9

Now consider a one-to-one correspondence f from the set A to the set B. Because f is an onto
function, every element of B 1s the image of some element in A. Furthermore, because f 1s also
a one-to-one function, every element of B 1s the image of a unigue clement of A. Consequently,
we can define a new function from B to A that reverses the correspondence given by f. This
leads to Definition 9.

Let f be a one-to-one correspondence from the set A to the set B. The inverse function of
f 1s the function that assigns to an element b belonging to B the unique element ¢ in A
such that f(a) = b. The inverse function of f is denoted by f~'. Hence, f~'(b) = a when
f(a) =b.
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EXAMPLE 18 Let f be the function from {a, b, ¢} to {1, 2, 3} such that f(a) =2, f(b) = 3, and f(c) = I.

[s f invertible, and if it is, what is its inverse?
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Let f be the function from {a, b, ¢} to {1, 2, 3} such that f(a) =2, f(b) = 3, and f(c) = I.
[s f invertible, and if it is, what is its inverse?

g P.(—MVQ’YJ_J[WQ—/ ~ |
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EXAMPLE 18 Let f be the function from {a, b, ¢} to {1, 2, 3} such that f(a) =2, f(b) =3, and f(c) = I.
[s f invertible, and 1f 1t 1s, what 1s 1ts inverse?

Solution: The function f 1s mvertible because 1t 1s a one-to-one correspondence. The 1n-
verse function f~! reverses the correspondence given by f, so Y =e¢ f~'(2) =a, and

f~1(3) = b. d
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Finding inverse of a function:
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Finding inverse of a function:
Given I(a\/efYHK]e ~Fuhd—1m +(n)

Quastion ©  fid —F(m)
md‘ho:l'f
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EXAMPLE 19 Let f: Z — Z be such that f(x) = x + 1. Is f invertible, and if it is, what is its inverse?
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EXAMPLE 19 Let f : Z — Z be such that f(x) = x + 1. Is f invertible, and if it is, what is its inverse?

- The function f has an mnverse because 1t 1s a one-to-one correspondence, as follows

hum [:\amp]u 10 and 14. To reverse the correspondence, suppose that y 1s the image of x, so
that y = x + 1. Then x = y — 1. This means that y — 1 1s the unique clement of Z that 1s sent
to y b}- __f. Consequently, f_] (v) =y— 1. <4
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Let f be the function from R to R with f(x) = x2. Ts f invertible? N O
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EXAMPLE 20 Let f be the function from R to R with f(x) = x2. Is f invertible?

lution: Because f(—2) = f(2) = 4, f 1s not one-to-one. [f an inverse function were defined,
it would have to assign two elements to 4. Hence, f 1s not invertible. (Note we can also show
that f 1s not invertible because it 1s not onto.) <
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© Define f : R — R by the rule f(z) = 4z — 1 for all z € R.
Find its inverse function.




C Lusses "+ Discrete Mathematics GO Classes

© Define f : R — R by the rule f(z) = 42 — 1 for all x € R.
Find its inverse function.
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[ Problem

o Define f : R — R by the rule f(z) = 42 — 1 for all z € R.
Find its inverse function.

[ Proof

For any vy in R, by definition of f~!

o f~! = unique number z such that f(z) =y
Consider f(x) =y
— 4dr—1=y (".- Defn. of f)

= g = %1 (".- Simplify)
o Hence, f~1(y) = X+ is the inverse function.

A

L.
ewww.goclasse s.in
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Let R denote the set of real numbers. Let f: Rx R— R x R be a bijective function defined by ]
f(xz,y) = (z + y,x — y). The inverse function of f is given by

A f ey = (S5 )

B. f ' (z,9) = (z—y,z+y)

C ey = (S5 52)

D. f Yaz,y)=12(x—y),2(z+y)]
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Let R denote the set of real numbers. Let f: Rx R— R xR be a bijective function defined by ]

f(x,y) = (z + y,x — y). The inverse function of f is given by )
Domain. R XK
A F ) = (25 25) CoDomarny, RxK

B. f l(w,y}—(r_yf;rJrJ) ,—p ('I)C ly) ( Y __‘_y) > —Y
D,fl_(_:;—?(w—y)e? (z +y)] {7CC2’ 2) - 6; _I )
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Jo -[:ﬂm-l r(:(x)
"p(x)" % Fme J
—/
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fﬁCMbD = (kﬂ > v)
f[;(m,tb- (Bt‘rib’“fb"—_cmfn)
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Cb’l-“j, 31-‘.1) = (-Q”’:ﬁ)

m= 1+ ———>2X =m+y ) x= M)
Y):M—j
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6.7. The function f(n) = 2n is a bijection from 7Z to the even integers and the

function g(n) =2n + 1 is a bijection from Z to the odd integers. What are f !,
~1

g
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6.7. The function f(n) = 2n is a bijection from 7Z to the even integers and the

function g(n) = 2n+ 1 is a bijection from Z to the odd integers. What are f ',
e — )
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A one-to-one correspondence is called invertible because we can define an inverse of this
function. A function 1s not invertible if it 1s not a one-to-one correspondence, because the
inverse of such a function does not exist.

1Y(b)

FIGURE 6 The Function f~! Is the Inverse of Function f.

ewww.goclasse s.in
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Question:

True or False??

If X and Y aresetsand F': X — Y is a one-to-one correspon-

dence, then F~1: Y — X is also a one-to-one correspondence.
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Question: Tverpig,
N, I
True or False??

If X and Y aresets and F': X — Y is a one-to-one Correspon-

dence, then =1 : Y — X is also a one-to-one correspondence.
A — ———




cF™] - ° Discrete Mathematics GO Classes




g . s
exy « - Discrete Mathematics GO Classes

Inverse functions

Theorem

o If X and Y aresetsand F': X — Y is a one-to-one correspon-
dence, then F~! : Y — X is also a one-to-one correspondence.
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Question:

If function f is invertible,

What is (F1)-1 = ?? = |
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Theorem 7. Let A and B be nonempty sets, and suppose f: A — B is invertible. Then f~': B —

A is also invertible, and (f~1)"! = f.
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A function f is one-to-one and onto if f has an inverse.

True False

If a function ¢ is mapped from set A to set B, and ¢ is not a bijection function,

then |A| # |B].

True False
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A function f is one-to-one and onto if(f has an inverse. \J
False
b5y Ch o

L : : | : co : :
If a function ¢ is mapped from set A to set B, and ¢ is not a bijection function,

then |A| # |B].

True False
- i




