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Definition s RPoonded
A Boolean algebra is a lattice with mthat Is distributive and

complemented. Q \
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Let A be a set. Then (pow(A),C) is a Boolean algebra.
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Example

({1.2,3,6},|) is a Boolean algebra. "
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Important & Standard Lattice:




+ * + Discrete Mathematics o
:Péa,%, _C_,> — PoSE T




« "+ Discrete Mathematics GO Classes
.S A’h\,

Atways POR
QD(S) g/ f

O Loz = Oniepn
@ pPose 1 — GLB = TptersechH o

@LQ/%’CQ\/ @ Z}_:S\A:S——A

@ DIS%BUHVQ\/
@ @0'5[@14 LC(JH7




« "+ piscrete Mathematics GO Classes

S Aq,\\{ Sef

QD(S)J c

Set Heoy Uniom , Threysector
-==—~_V7 T Dishripukk oWy €qcs,

EA U (RBNC) ;@u@n(ﬂug
A0 CPUC) = Gﬁjn@ U(A(\Q

.www.gaclasse&i n




« **  Discrete Mathematics GO Classes

,/CO,, 0m7 se& A, B C:
Zg/-}u(cmc) (Au@n(ﬂuc)

Sé T
q"?ﬁkr.

(PC:)J g): GLB = A = TutersechHo )
— LUB: |V UM;(/V! (/

<_> e | I/\CV\/Z) (k/\j)\/(h/\l)

Check DishyL,ulHve -
?’Wcﬂ7 xp(ﬂUZ) (x ﬂsf)U(”an)




GS&SSES 555 \f') Discrete Mathematics GO Classes

£ A’hi Set  1£)=m
(P(S)J C ). Keolean [ attice | —
l/ CLB = Tytersection

Y)
2 ey b




+ ++  Discrete Mathematics GO Classes

NOTE:

For EVREY Set S,
P(S), & 1s a Boolean Algebra.
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Important Theorem
for Boolean Lattice
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Came SHUVUVI

Theorem (M. H. Stone, 1936)

Every finite Boolean algebra is isomorphic to the Boolean algebra (pow(S), C)
of a finite set S.

Corollary

Every finite Boolean algebra has 2" elements for some n € N.
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Q: True / False?

A lattice with 2" elements is
a Boolean Algebra.
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Q: True / False?

A lattice with 2" elements 1s
a Boolean Algebra. /).
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Q: True / False?

A lattice with Not-2" elements is
Not a Boolean Algebra.
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Qm\@ / False?

A lattice with Not-2" elements i1s
Not a Boolean Algebra. 7
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For each n, there is a unique Boolean algebra of size 2". There are no

other finite Boolean algebras.
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Complete Analysis of
Total Order Relations
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Complete Analysis of
Total Order Relations
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Problems 17-20: Totally Ordered Sets and Lattices
Let ( A, <) be a totally ordered set.
*17. Prove Tll( following.

el. ./"1 ]"'\ el ltittl(( ——-"—'% \fﬁ

b. What is the meet and join of any two elements a and b in A7 Explain.

*18. Prove that if A has more than two elements, then it is not a complemented lattice, even if it has a
e ——————————

minimum and a maximum.

19. Totally ordered sets are ALWAYS distributive
lattices. « —
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Important & Standard Lattice:
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Important & Standard Lattice:
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Important & Standard Lattice:
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NOTE (Fact from Number Theory):

GCD and LCM Distribute Over Each Other.
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Problems 2-4: Divisor Lattices

The following problems have to do with lattices in which the partial order is the divisibility relation.
*2. Let (D2, | ) denote the poset of all divisors of 12.

*a. Show that D,, is a lattice by drawing out the Hasse diagram for the poset and then verifying that
each pair of divisors has both a meet and a join. How do meet and join relate to the numbers in
terms of divisibility?

Is D)5 a complemented lattice? Explain.
[s D2 a distributive lattice? To check whether z A (yV z) = (x Ay) V (z A z), how many different
equations must be checked? Explain.

If the bottom point 1 and the top point 12 are deleted from D5, is the result still a lattice? Explain.
[s D15 a Boolean lattice? Explain.
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Problems 2-4: Divisor Lattices

The following problems have to do with lattices in which the partial order is the divisibility relation.

*2. Let (D2, | ) denote the poset of all divisors of 12.
*a. Show that D, is a lattice by drawing out the Hasse diagram for the poset and then verifying that

each pair of divisors has both a meet and a join. How do meet and join relate to the numbers in
terms of divisibility? S~ LCm S~ CICD

. Is D19 a complemented lattice? Explain. NO

. Is Dyo a distributive lattice? To check whether z A (y V z) = (x Ay) V (z A z), how many different
equations must be checkedNExplain.

. If the bottom point 1 and the toppoint 12 are deleted from D5, is the result still a lattice? Explain.

. Is Dy5 a Boolean lattice? Explain.
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Problems 2 -4: Divisor Lattices
The following problems have to do with lattices in which the partial order is the divisibility relation.
*2. Let (D2, | ) denote the poset of all divisors of 12.

*a. Show that D,, is a lattice by drawing out the Hasse diagram for the poset and then verifying that
each pair of divisors has both a meet and a join. How do meet and join relate to the numbers in
terms of divisibility?

Is D)5 a complemented lattice? Explain.
[s D2 a distributive lattice? To check whether z A (yV z) = (x Ay) V (z A z), how many different
equations must be checked? Explain.

d. If the bottom point 1 and the top point 12 are deleted from D4, is the result still a lattice? Explain.
e ———— e ———————————

e. Is Dy5 a Boolean lattice? Explain.
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3. Let (Djg. | ) denote the poset of all divisors of 30.
a. Show that D3g is a lattice. Explain.
b. Is D3p a complemented lattice? Explain.
c. Is Dyg a distributive lattice? Explain.
d. Is D39 a Boolean lattice? Explain.
4. Let (D,, |) denote the poset of all divisors of n, where n is a positive integer.
a. Prove that D,, is a lattice. Carefully explain why x A y = ged(z,y) and = V y = lem(z, y).
b. When will D,, be a complemented lattice? Explain.

c. When will D,, be a distributive lattice? Explain.

d. For which n will D,, be a Boolean lattice?
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3. Let (Djg. | ) denote the poset of all divisors of 30. <D I) - [ E %
a. Show that D3 is a lattice. Explain. _—" ") C

b. Is D3y a complemented lattice? Explniu.\/
c. Is D3y a distributive lattice? Explain. O ~ ZX 3X __f
d. Is D3p a Boolean lattice? Explain. {_~ \:‘)_
4. Let (D, | ) denote the poset of all divisors of n, where n is a positive integer.
—— -
\/ le e that D,, is a lattice. Carefully explain why = A y = ged(x, r;) and x Vy = lem(z,y).
b. When will D,, be a (Ulll])l( mented lattice? Explain. 143{3 N S Squayg ’R"E{

’ . When will D,, be a distributive lattice? Explain. \/-

——

d. For which n will D,, be a Boolean lattice? ; ) N IS SV \
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Problems 5-6: True or False

Are the following statements true or false? Explain your answer.

5. Complements are unique in a complemented lattice.

6. If a Boolean lattice has more than two elements, then it is not totally ordered.
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Problems 5-6: True or False
Are the following statements true or false? Ezxplain your answer.
e ——

5. Complements are unique in a complemented lattice. Q\SQ’
WW

6. If a Boolean lattice has more than two elements, then it is not totally ordered.
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Problems 5-6: True or False

Are the following statements true or false? Explain your answer.
5. Complements are unique in a complemented lattice.

6. If a Boolean lattice has more than two elements. then it is not totallv ordered.
-—-—W -
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12. Suppose A = {2,4,5,6,7,10,18,20,24,25} and R is the partial order relation
(z,y) € R iff z|y.

) Draw the Hasse diagram for the relation.
) Find all minimal elements.
) Find all maximal elements.
) Find all upper bounds for {6}.
e) Find all lower bounds for {6}.
) Find the least upper bound for {6}.
) Find the greatest lower bound for {6}.
) Find the least element.
) Find the greatest element.
) Is this a lattice?
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12. Suppose A = {2,4,5,6,7,10,18,20,24,25} and R is the partial order relation
(z,y) € R iff z|y. o
> Djvidel

) Draw the Hasse diagram for the relaf;

) Find all minimal elements.

) Find all maximal elements.

) Find all upper bounds for {6}.
(e) Find all lower bounds for {6}.
(f)

)

)

)

)

Find the least upper bound for {6}.
Find the greatest lower bound for {6}.
Find the least element.

Find the greatest element.

Is this a lattice?
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I. (a) Check with proper justification whether partial order set L in Figure 1 describes
a Lattice or not. (a) Is L distributive or complemented? Justify yvour answer
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a b
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Figure 1
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1. (a) Check with proper justification whether partial order set L in Figure 1 describes

a Lattice or not. (a) Is L distributive or complemented? Justify your answer
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1. (a) Check with proper justification whether partial order set L in Figure 1 describes
a Lattice or not. (a) Is L distributive or complemented? Justify vour answer
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1. (a) Check with proper justification whether partial order set L in Figure 1 describes

a Lattice or not. (a) Is L distributive or <'nHn!llt'lltl'tlh‘d'.' Justify your answer
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