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Set (Definition):

A set is an unordered collection of distinct

objects, which may be anything.

Set notation: Curly braces with commas
separating out the elements.
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Set notation: Curly braces
with commas separafing out

the elements

A set is an unordered collection of distinct
objects, which may be anything (including
other sets).




Set notation: Curly braces with
commas separating out the
elements

A set is an unordered collection of distinct
objects, which may be anything, including other
sets.
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These are two different
descriptions of exactly the
same set.

Two sets are equal when they have the same
contents, ignoring order.




T
These are

The same
sef!

A set is an unordered collection of distinct
objects, which may be anything (including
other sets).




These are
The same
sel!

A set is an unordered collection of distinct
objects, which may be anything (including
other sets).




These are also two different
descriptions of exactly the
same set.

(But please use the description
without duplication :-) )

Sets cannot contain duplicate elements.
Any repeated elements are ignored.
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These are the

same set!

A set is an unordered collection of distinct
objects, which may be anything (including
other sets).




These are the

same sel!

A set is an unordered collection of distinct
objects, which may be anything (including
other sets).
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The objects that make up a set are called the
elements of that set.
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This symbol means “iIs
an element of.”

The objects that make up a set are called the
elements of that set.
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This symbol means “is
not an element of.”

The objects that make up a set are called the
elements of that set.
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- ™

This symbol is the ‘element—ot*
symbol,

N—
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IT's used to indicate that something
is an element of a seft.

N—
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\

— ™~
on the other hand, the dog on
the lett is not an element ot the

set on the right,

N—
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Definition 2.2 The set membership symbol € s
used to say that an object is a member of a set. It

has a partner symbol ¢ which is used to say an object

1S not in a set.




Set Membership O Classes

« Given a set S and an object x, we write
X €S
if x is contained in S, and
X&8S
otherwise.
« I[f x € S, we say that x is an element of S.

« Given any object and any set, either that
object is in the set or it isn't.

S www.goclasses.in
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Finit et

A set with a limited number of elements
Example: A ={Dog, Cat, Fish, Frog}

nfinite Set
A set with an unlimited number of element

Example: N={1,2 3,4,5,...

P www.goclass
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Cardinality :

Cardinality

r) £ e
* The cardinality of a’set is the number of elements it

contains.

* [f S is a set, we denote its cardinality as |S].
« Examples:

‘whimsy, mirth}| = 2

L— v
f{a, b}, {c,d, e, f g}, (hi}| =3
[ ri

{1,2,3,3,3,3,3}| =3

[ g "
<J WWW.QGC[ESSES.I n
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Definition 2.4 The cardinality of a set is its size.
For a finite set, the cardinality of a set is the number

of members it contains. In symbolic notation the size
of a set S is written |S|. We will deal with the idea
of the cardinality of an infinite set later.
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Question: Are these objects equal?

G www.goclasses.in
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Question: Are these objects equal?
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This is a

number.

This is a set.
It contains a
number.
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Sets can contain any number of elements.
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9,

We denote the
empty set using
this symbol.

The empty set
is the set with
no elements.

Sets can contain any number of elements.
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Definition 2.1 The empty set is a set containing
no objects. It is written as a pair of curly braces with
nothing inside {} or by using the symbol ).

As we shall see, the empty set is a handy object.
It is also quite strange. The set of all humans that

weigh at least eight tons, for example, is the empty
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Question: Are these objects equal?
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This is the

empty set.

This is a set
with the empty —
set 1n it.
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This is x
itself.

This is a box
that has x
inside it.

LN

0 object x is equal to the set containing x.

G www.goclasses.in
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Set Representations
1.  List-——

2. Venn Diagram

3.  Set Builder Notation

ewww.goclasse&i n
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The set of positive integers less than 100 can be denoted by {1, 2 991.
B S e e e W
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Even Natural Numbers

v .
nlneN nis even

~ ‘
The set of all n

———

where

N i1s a natural number

and n is even

{.246810121416
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Cc.. Set Builder Notation

* A set may be specified in set-builder
notation:

{ ﬂ some property x satisfies }

 For example:

{rlreRandr<137}
n is a power of two }
x is a set of US currency }

p is a legal Java program }

O Classes
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« A set may be specified in set-builder
notation:

L// .
{ X | some property x satisfies }

{ x € S | some property x satisfies }
* For example:

{n|ne€eNandniseven }

{ C | Cis asetof US currency }
({r€R|r<3}_T-—-3 (-oa,,g)
{neN|n<3} (the set {{§§)1, 2})
[ |
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Example:
@ {x|—-2<x<5,xeZ} =7
0] =?

(*
o |{x|xedandx <3} =2
(*

{x | x € {0}}] =7
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Example;
- | 2 3
0{1/2<r<5162}?""(g 9 L ’\1 >ﬂ)

@ || == 0O
Slprlxeoandx<ay=r= [ $=0

o |xxe (0= = |
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« A set S is called a subset of aset T
(denoted § € T) if all elements of S are

also elements of T.

« Examples:
 { (’{3’@1 )
{b,c}yC{ab,cd}
{H,He, Li} C{H,He,Li}
N C Z (every natural number is an integer)

Z. C R (everyintegeris a real number)

F o
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Definition:
A set A is a subset of B if every element of A is also in B. J

@ We write A C Bif A is a subset of B.

@ Clearly, for any set A, the empty set () (which does not contain any
element) and A Iitself are both subsets of A.

Definition:
If A C BbutA # B, then A Is a proper subset of B, and we write A C B. }
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Subsets and Elements

« We say that § € T if, among the elements of T,
one of them is exactly the object S.

* Wesay that § C T if S is a set and every
element of S is also an element of T. (S has to
be a set for the statement S C T to be true.)

« Although these concepts are similar, they are not
the same! Not all elements of a set are subsets of
that set and vice-versa.
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Proper Subsets

« By definition, any set is a subset of itself.
(Why?)

« A proper subset of a set S is a set T such
that

e TCS
« T#S

« There are multiple notations for this; they all
mean the same thing:

e« TCS
e TCS
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Definition 2.12 For two sets S and T we say that
S is a subset of T if each element of S is also an
element of T'. In formal notation S C T if for all
r €S we have x € T'.

If S C T then we also say T contains S which
can be \\-Iltt(?ll T'D>S. It SCT and S # T then we
write S C T and we say S is a proper subset of 7.
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FIGURE 2 Venn Diagram Showing that A Is a Subset of B.
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Example 2.9 Subsets
If A ={a,b,c} then A has eight different subsets:

0 ) {d)
{a,b} {a,c} {b,c} {a,b,c}

Notice that\A C AJand wn fact each set is a subset of
itself. The empty set ) is a subset of every set.
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Definition 2.13 The set of all subsets of a set S
s called the powerset of S. The notation for the

powerset of S is P(.S).

Given a set S, the power set of § is the set of all subsets of the set S. The power set of § is
denoted by P(S).




This is the power set of S, the set of
all subsets of S. We write the power
set of S as p(S).

Formally, (S)={T|TCS }.
(Do you see why?)
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What 1s the power set of the set {0, 1, 2}?

solution: The power set P ({0, 1, 2}) is the set of all subsets of {0, 1, 2}. Hence,

P({0, 1,2}) = {4, {0}, {1}, {2}, {0, 1}, {0, 2}, {1, 2}, {0, 1, 2}}.

Note that the empty set and the set itself are members of this set of subsets.
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__ What s 0 (0)'

b1y
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What 1s p(9)?

Answer: {0}

Remember that O # {O}!
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What 1s the power set of the empty set? What is the power set of the set {(1}?
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What 1s the power set of the empty set? What is the power set of the set {#}?

Solution: The empty set has exactly one subset, namely, itself. Consequently,
P®) = {9}.

The set {#J} has exactly two subsets, namely, J and the set {{J} itself. Therefore,

P2} = {9, {4}}. <

If a set has n elements, then its power set has 2" elements. We will demonstrate this fact in
several ways in subsequent sections of the text.
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Power set

Definition
The power set of set A is the set of all subsets of A. We denote it by
P(A).

Example:
o P({1,2,3}) = {0,{1},{2}, {3}, {1,2},{1,3},{2,3},{1,2,3}}
@ P()) ={0}.

° P({0}) = {0,{0}}. * )




G

GO
CLASSES

E3%4 \m')

Discrete Mathematics
Set Operations

Union
Intersection
Set Difference
Symmetric Difference

Set Complement
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Set operations GO Classes

Recall:
@ We have +, —, x, =, ... operators for numbers.

@ We have VvV, A, —, — ... operators for propositions.

Question:
What kind of operations do we have for sets?

Answer: union, intersection, difference, complement, ...



Universal Set and Empty Set

=
@ The universal set U is the set containing everything currently
under consideration.

» Content depends on the context.
» Sometimes explicitly stated, sometimes implicit.

@ The empty set is the set with no elements.
Symbolized by () or {}.
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e The union of sets A and B is the set AUB ={x:2€ AV x € B}.

e The intersection of sets A and B is the set ANB={x:x€ ANz € B}.

e The set difference of A and B is the set A\ B={x:z € ANz & B}.
Alternate notation: A — B.

e The symmetric difference of A and Bis A& B=(A\B)U(B\ A).
Note: A B={x:(zr€cANxgB)V(xec BNz g A)}.
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The wuniverse, U, is the collection of all objects that can occur as elements of the sets under
consideration.

e The complement of Ais A=U\A={x:2¢ A}.
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Intersection

ANB
131}
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Definition 2.6 If A and B are sets (md

then we say that A and B _are disjoint, or disjoint

Sets.
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Disjoint set

Definition:
Two sets A and B are disjoint if A N B = . J

Example:
@ {1,2,.3} n{4,5} = (), so they are disjoint.
@ {1,2,3} N {3,4,5} # 0, so they are not disjoint.
@ ONR" # (), so they are not disjoint.
@ {x|x< —2}NR" =, so they are disjoint.
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Difference
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Difference
A\B
{1,2}
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Definition:
The symmetric difference of set A and set B, denoted by A & B, is the
set containing those elements in exactly one of A and B.

@ Formally: A& B=(A—-B)U (B —A).

Venn Diagram of Symmetric Difference Operation: J

@b

A

~ "
<J WWW.QOC[ESSES.I n
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Symmetric
Difference

AAB
11,2,4,5}
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Example for calculating set operations
ACn

Cﬂcg
xample:

LetA ={1,2,3,4,5}and B ={1,2,3,4,5,6,7,8}. Then:
@ ANB=1{1,2,3,4,5}
@ AUB=1{1,2,3,4,5,6,7,8}
@A—-B=1(
@ B—A=1{6,7,8}
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Definition:
Two sets are equal if and only if they have the same elements. J

@ Note that the order of elements is not a concern since sets do not
specify orders of elements.

@ We write A = B, if A and B are equal sets.

Example:
o {1,2,3} ={2,1,3}
@ {1,2,3)4} ={xeZand 1 <x <5}
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Note -
Prove that SeAlA € R

D
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X & R
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Fact:
Suppose A and B are sets. Then A = Bifand only if A C Band B C A.

This fact is often used to prove set identities.




How to prove set identities GO Classes

To prove a set identity:
X=Y
it is necessary and sufficient to show two things:
@ X C Yand
@ YCX
Equivalently, it is necessary and sufficient to show two things:
@ xe X »xeYand
@xcY —»xeX

G www.goclasses.in
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@ Identity laws
AUD=A ANnU=A

@ Domination laws
AUU=U And=10

@ |ldempotent laws
AUA=A ANA=A

@ Complementation law

(A) = A
@ Complement laws

ANA=0 AUA=U

S www.goclasses.in
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@ U, N ax Commut adive
AuR = RLA
ANg = BoA—
A-n =+ B-A

ADR = RAPA\—
7 y—
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@ Commutative laws
AJUB=BUA AnB=BnNA

@ Associative laws
AUu(BUC)=(AuB)UuC
ANn(BNnC)=(AnB)NC

@ Distributive laws

AN(BUC)=(AnB)U(ANC)
AUu(BNnC)=(AuB)n(AuC)
@ Absorption laws

AU(ANB)=A AN(AUB)=A

@ De Morgan’s laws
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U is Disthlofive Ouey ()

@C D= (#roe) CQUQ
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() is Distpbodive ouey U
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Set identities: DeMorgan law

DeMorgan laws:
Just like the DeMorgan laws in logic, we have:

ANB = AUB

AUB = ANB

Example:

Let the universe be {0,1,2,3}.
{0,1}n{1,2} = {1} ={0,2,3} ={2,3} U{0,3} ={0,1} U{1,2}.




Discrete Mathematics GO Classes

For each Law of Logic, there is a corresponding Law of Set Theory.
e Commutative: AUB=BUA, ANB=BnNA.
e Associative: AU(BUC)=(AUB)UC, AnNn(BNC)=(ANnB)NC

e Distributive: AU(BNC)=(AUB)N(AUC), ANn(BUC)=(ANB)U(ANCQC)
and also on the right: (BNC)UA=(BUA)N(CUA), (BUC)NA=(BNA)U(CNA)

e Double Complement: (A°)¢ = A

e DeMorgan’s Laws: (AU B)¢ = AN B¢ (ANB)°= A°U B¢
e Identity: )UA=A, UNA=A

e [dempotence: AUA=A, ANA=A

e Dominance: AUU=U, AND=10]
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Set equalities of note:

SO py;
e A\ B= AN B /%

e A B=(AUB)\ (AN B)
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Set A, R

@ A—NR = ﬂ(\-—fi_ \n—

19
AU(ﬁnﬂ)
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U U

é 8
5 5&

(a) A U B U C 1s shaded. (b) A N B NC is shaded.

FIGURE 5 The Union and Intersection of A, B, and C.
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Ordered tuple

@ Recall that a set does not consider its elements order.

@ But sometimes, we need to consider a sequence of elements,
where the order is important.

@ An ordered n-tuple (ay,a,...,a,) has a; as its first element, a, as
its second element, . .., a, as its n™ element.

@ The order of elements is important in such a tuple.
@ Note that (al,,az) -+ (azjal) but {ahdz} = {(’IQ_,CII}.




Tuples

@ The ordered n-tuple (a1, ao, . . .. an) is the ordered collection of n
elements, where a, is the first, a, the second, etc., and a, the n-th
(i.e., the last).

@ Iwo n-tuples are equal iff their corresponding elements are equal.
(81.32 ..... an) — (b1b2 ..... bn) L 81 — b1/\a2 :bz/\/\an:bn

@ 2-tuples are called ordered pairs.
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Definitions

L/

A sequence of objects is a list of these objects in some order. Sequences may be finite or infinite.

A finite sequence 1s called a tuple. A sequence with k objects 1s called a k-tuple.

An ordered pair 1s a 2-tuple; that is, an ordered sequence of two elements. We write ordered
pairs in parentheses, for example (a, b), and we call a the first element and b the second element
of the pair.

The Cartesian product or cross product of two sets A and B, written A x B, 1s the set of all

ordered pairs wherein the first element 1s a member of A and the second element 1s a member of
B.

ewww.goclasse s.in
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The Cartesian Product

 Recall: The power set ©(S) of a set is the set of
all its subsets.

« The Cartesian Product of A X B of two sets is
defined as

AXB={(a,b)laeAandb € B }

e 2
(0, a),(0, b),(0, c),

{O, 1, 2} X { d, b, C} — < (1,a),(1,b),(1,0),

(ZJ a)l(zﬁ h)l(zl C)
A B \ 7 .
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GCus 6.1 Cartesian Products

In the Cartesian plane (or z-y plane), we associate the set of points in the
plane with the set of all ordered points (z,y), where z and y are both real
numbers. The idea of a Cartesian product of sets replaces R in the description
by some other set(s), and drops the geometric interpretation.

It A and B are sets, the Cartesian product of A and B is the set

Ax B={(a,b): (a€ A) and (b€ B)}.
I \

The following points are worth special attention:
e The Cartesian product of two sets is a set.
e The elements of that set are ordered pairs.

e In each ordered pair, the first component is an element of A, and the
second component is an element of B.
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Cartesian Products and Relations

Definition (Cartesian product) If A and B are sets, the Cartesian product of A and B
is the set

Ax B={(a,b): (a€ A) and (b€ B)}.
The following points are worth special attention: The Cartesian product of two sets

is a set, and the elements of that set are ordered pairs. In each ordered pair, the first
component is an element of A, and the second component is an element of B.

Example (Cartesian product) If A = {{1,2},{3}} and
B = {(a,b),(c,d)}, then

Ax B =1{({1,2},(a,0)), ({1,2}, (¢, d)), (13}, (a,)), ({3}, (¢, d)) }-

Determining |A x B|. If A and B are finite sets, then |A x B| = |A|-|B| because there are
|A| choices for the first component of each ordered pair and, for each of these, |B| choices
for the second component of the ordered pair.

iC) www.goclasses.in



+ -+ Discrete Mathematics GO Classes

Cartesian product

Definition:
The Cartesian product of A;,A,,...,A,, denoted by A| x Ay x --- X A,,

Is defined as the set of ordered tuples (a;, as, .. .,a,) where
ay € Aj,ar € Ay, ...,a, € A,. That Is:

Ajq XAZX"'XAn:{(aljaz,...jan) ay € Ay,ap € Ay, ..., a4, GAn}

G www.goclasses.in




Example Cartesian products

Examples:

@ {1,2} x{3,4,5} ={(1,3),(1,4),(1,5),(2,3),(2,4),(2,5)}.

@ {Male, Female} x {Married, Single} x {Student, Faculty} =
{(Male, Married, Student), (Male, Married, Faculty), (Male, Single,
Student), (Male, Single, Faculty), (Female, Married, Student),
(Female, Married, Faculty), (Female, Single, Student), (Female,
Single, Faculty)}.

@ RxR={(x,y) | x € R,y € R} is the set of point coordinates in the
2D plane.
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Cardinality of Cartesian product

Fact:
In general, if A;’s are finite sets, we have:

[A] X Ay X -+ X Ayl = |A1]| X |Az| X -+ X |Ay]
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